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 
Abstract--This paper presents a distribution locational 
marginal pricing (DLMP) method through chance constrained 
mixed-integer programming designed to alleviate the possible 
congestion in the future distribution network with high 
penetration of electric vehicles (EVs). In order to represent the 
stochastic characteristics of the EV driving patterns, a chance 
constrained optimization of the EV charging is proposed and 
formulated through mixed-integer programming (MIP). With the 
chance constraints in the optimization formulations, it guarantees 
that the failure probability of the EV charging plan fulfilling the 
driving requirement is below the predetermined confidence 
parameter. The efficacy of the proposed approach was 
demonstrated by case studies using a 33-bus distribution system 
of the Bornholm power system and the Danish driving data. The 
case study results show that the DLMP method through chance 
constrained MIP can successfully alleviate the congestion in the 
distribution network due to the EV charging while keeping the 
failure probability of EV charging not meeting driving needs 
below the predefined confidence. 
 
Index Terms—Chance constrained programming, congestion 
management, distribution locational marginal pricing (DLMP), 
distribution system operator (DSO), electric vehicle (EV). 
I.  NOMENCLATURE 
A.  Sets: 
ܮ set of lines in the distribution network 
ܰ set of buses in the distribution network 
௝ܴ set of all possible driving pattern realizations of 
EV j 
௝ܴା subset of possible driving pattern realizations 
of EV j with a probability over the confidence 
parameter ߳ 
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௝ܴି subset of possible driving pattern realizations 
of EV j with a probability less than or equal to 
the confidence parameter ߳ 
ܶ planning periods for optimization 
ܸ set of all EVs 
௜ܸ subset of EVs of aggregator i 
B.  Parameters: 
ܣ௧ ∈ Թ௡ vector of the spot prices of the buses at time 
period t 
ܤ௧ ∈ Թ௡ൈ௡ matrix of the price sensitivity coefficients of 
the buses at time period t 
ܦ௟ ∈ Թ௡ power transfer distribution factor (PTDF) 
coefficients of line l at the buses 
௝݀,௧ driving energy consumption of the EV j at time 
period t  
ܧ௝ ∈ Թ௡ mapping vector of the EV j to the load bus 
௝݁ି  lower limit of the EV state of charge (SOC) 
level 
௝݁ା upper limit of the EV SOC level 
݁଴,௝ initial SOC level of the EV j 
௟݂ capacity limit of line l  
݊ cardinality of the set of buses ܰ 
݌ା upper power limit of the EV charging 
ܳ௧ ∈ Թ௡ conventional demand at time period t 
ݏ௝,௧ charging availability indicator of the EV j at 
time period t  
ݐ௝ௗ௘௣ departure time of the EV’s first trip of the day 
ݐ௝௔௥௥ arrival time of the EV’s last trip of the day 
ߙ௧ spot price at time period t 
ߚ௧ price sensitivity coefficient at time period t 
ߛ௧ predicted price at time period t  
߳ confidence parameter of the probabilistic 
constraint 
C.  Variables: 
ݔ௝,௧ charging energy of the EV j at time period t  
ݔ௧ charging energy of an EV at time period t  
ݖ௝,௞ ∈ ሼ0,1ሽ binary variable of the EV j for the realization k 
of the possible driving patterns 
ߣ௟,௧ି dual variable for the negative flow constraint of 
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line l at time period t 
ߣ௟,௧ା  dual variable for the positive flow constraint of 
line l at time period t 
ܦܮܯ ௧ܲ ∈ Թ௡ distributional locational marginal prices  
(DLMPs) at time period t 
ߩ௧ ∈ Թ௡ dynamic tariffs (DTs) of the buses at time 
period t 
D.  Acronyms 
ܦܥܲ distribution congestion price 
ܦܮܯܲݏ distribution locational marginal prices 
ܦܶݏ dynamic tariffs 
ܦܱܵ distribution system operator 
ܧܸݏ electric vehicles 
ܪܲݏ heat pumps 
II.  INTRODUCTION 
UE to the increasing concern of greenhouse gas (GHG) 
emission and energy supply security issues, electric 
vehicles (EVs) have been widely promoted. A lot of efforts 
have been made to promote EVs and better integrate EVs into 
the power system [1]-[3]. At present, the EV market has been 
growing around the world [4].  
When there is a large-scale deployment of EVs, it will have 
big impacts on the future power system, especially the 
distribution networks [5]-[7]. With a high penetration level of 
EVs, congestion may occur in the distribution system without 
proper control. The grid congestion due to the EV demand 
results from the uncoordinated EV charging. It can happen at 
both the medium voltage (MV) and low voltage (LV) levels of 
the distribution systems according to the previous studies [8], 
[9]. The distribution system operator (DSO) can handle the 
congestion problems within the distribution networks by either 
reinforcing the system through long term planning or 
employing market based congestion control methods [10]. 
Compared to other congestion management methods, market 
based congestion management methods can maximize social 
welfare while causing least discomfort to customers [11]. The 
locational marginal price (LMP) concept in transmission 
systems is extended to the distribution systems in [12]. The 
work in [13]-[17] develops distribution locational marginal 
pricing (DLMP) to handle congestion in a distribution system 
with distributed generators (DGs). The work in [18] employs a 
dynamic tariff (DT) based on the DLMP method to handle 
congestion in a distribution network due to the EV demand. 
The DT is the congestion component of the distribution 
locational marginal prices (DLMPs). It reflects the congestion 
cost in the distribution networks. With taking into account 
inter-temporal characteristics, the work in [19] develops an 
integrated DLMP approach for congestion management from 
the EV charging in a distribution network. The work in [20] 
presents a distribution congestion price (DCP) based market 
mechanism derived from the DLMP concept to alleviate 
possible distribution system congestion due to EV and Heat 
Pump (HP) integration. The research in [11] proposes a 
DLMP based method through quadratic programming to 
alleviate possible congestion in a distribution system with high 
penetration of EVs and HPs, and solve the degeneracy issue. 
Previous work has used the DLMP concept for handling 
congestion due to EV charging in a distribution network. 
However, they employ a deterministic model of EV driving 
patterns, which does not reflect real life stochastic 
characteristics of EV charging determined by aggregators (or 
customers). Consequently, the estimation of the EV 
aggregators’ charging behaviors would be inaccurate and 
result in ineffective outcomes. The optimal EV charging 
strategy in the day-ahead market for the aggregators under 
uncertainty has been studied [21]-[23]. The driving patterns 
are generated randomly but considered deterministically 
known to the aggregators in [21]. The probabilistic properties 
of the driving patterns for the EV aggregator charging strategy 
are handled in [22], [23] by pre-constructing a set of 
probabilistic time-varying power and energy constraints from 
the driving pattern samples. Although the uncertainly of the 
EV charging has been studied, it has not been considered in 
the congestion management of the distribution network. In 
order to address this issue, this paper presents a DLMP 
method through chance constrained programming to alleviate 
the congestion in the distribution network due to the EV 
charging taking into account the uncertainties of the driving 
patterns. In the proposed method, the DSO determines the 
distribution locational marginal prices (DLMPs) by 
minimizing the total cost of the electricity consumption in the 
distribution network respecting the network constraints; the 
EV aggregators are assumed to be economically rational and 
their objectives are to minimize their EV charging cost with 
charging constraints respected. A chance constrained model is 
proposed in this paper such that the EV aggregators can 
handle the uncertainties of the driving patterns in their day-
ahead energy plans. The stochastic features of the EV driving 
patterns are taken into account in both the DSO and 
aggregators’ optimizations through probabilistic constraints 
guaranteeing that energy planning satisfies driving 
requirements of EVs at a predefined confidence level. Because 
the joint distribution of the driving patterns do not follow a 
Gaussian distribution and the stochastic variables are not 
independent from each other, the joint chance constrained 
models in the DSO and the aggregators’ optimization is 
difficult to solve with the stochastic approaches in previous 
studies by addressing the convexity of the problem [24]-[26]. 
In order to handle the joint chance constrained models in the 
DSO and the aggregators’ optimizations, a formulation 
through mixed-integer quadratic programming (MIQP) is 
proposed. The chance constrained optimizations of the DSO 
and the aggregators are formulated and solved with the MIQP 
models.  
The paper is organized as follows. The chance constrained 
modeling of the optimal EV charging is presented in detail in 
Section III. In Section IV, the calculation of DLMPs and DTs 
is described along with the formulations of the DSO and 
aggregators’ optimizations. The results of case studies are 
presented and discussed in Section V, followed by 
conclusions.  
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III.  OPTIMAL EV CHARGING WITH CHANCE CONSTRAINTS 
In order to secure energy needs for the next day’s driving, 
EV aggregators need to plan the EV charging schedule and 
submit bids in the day-ahead energy market. The objective of 
the optimal charging of the aggregators is to minimize the 
charging cost to meet the EV driving requirement. As the spot 
prices of the electricity can be affected by the EV charging 
plans, an approach was proposed in [11], [27] and [28] to 
predict the spot price by using the spot price together with a 
price sensitivity term of the demand as expressed in (1). The 
price sensitivity coefficient ߚ is determined by the merit order 
of the power plants in the electricity market. 
ߛ௧ ൌ ߙ௧ ൅ ߚ௧ݔ௧                                   (1) 
Then for a single EV, the charging cost can be expressed 
as,  
∑ ߛ௧ݔ௧௧∈் ൌ ∑ ሺߙ௧ݔ௧ ൅ ߚ௧ݔ௧ଶሻ௧∈்                     (2) 
For aggregator i, the optimal energy planning for EV 
charging can be formulated as a standard quadratic 
programming model.  
min௫ೕ,೟ 		∑ ∑ ቂଵଶ ൫ܧ௝ݔ௝,௧൯
்ܤ௧൫ܧ௝ݔ௝,௧൯ ൅ ܣ௧் ܧ௝ݔ௝,௧ቃ௧∈்௝∈௏೔ 	  (3) 
Subject to 
௝݁ି ൑ ∑ ൫ݔ௝,௧ᇲ െ ௝݀,௧ᇲ൯ ൅ ݁଴,௝௧௧ᇲୀ௧బ ൑ ௝݁ା		∀݆ ∈ ௜ܸ	∀ݐ ∈ ܶ (4) 
ݔ௝,௧ ൑ ݌ାݏ௝,௧																									∀݆ ∈ ௜ܸ	∀ݐ ∈ ܶ (5) 
ݔ௝,௧ ൒ 0																													∀݆ ∈ ௜ܸ	∀ݐ ∈ ܶ (6) 
The objective of the aggregator is to minimize the charging 
cost in (3) subject to the state of charge (SOC) limit constraint 
(4), the EV charging energy limit constraint (5) and the 
charging energy non-negativity constraint (6). In (3), ܣ௧ is the 
vector of the spot prices at time period t. The nth element of 
ܣ௧ is the spot price ߙ௧ of the bus n at time period t. ܤ௧ is the 
matrix of the price sensitivity coefficients at time period t. It is 
a matrix with the price sensitivity coefficient ߚ௧ of the bus n at 
time period t on the nth diagonal element. It is an aggregated 
form of (2). In the SOC limit constraint (4), ௝݀,௧	indicates the 
driving energy consumption of the EV at time period t. It is 
corresponding to the expected driving distance of the EV at 
the time period t. The EV SOC level is calculated with the 
cumulated charging energy and driving energy consumption. 
In each time interval, the SOC levels of the EV battery are 
within the specified range. For the charging energy limit 
constraint (5), the EV charging energy is constrained by the 
maximum power limit and the expected EV charging 
availability. Parameter ݌ା is the maximum charging power. 
The EV charging availability parameter ݏ௝,௧ shows the 
expected status of the EV at time period t. Vehicle-to-grid 
(V2G) is not considered in this paper and EVs are regarded as 
demands. Therefore, the charging energy non-negativity 
constraint (6) holds. For the EV aggregators with regular 
customers of passenger cars, the best chance to schedule the 
charging plan is during the night when the EVs are parked at 
the original parking lot. For simplicity, it is assumed that the 
available periods for the EV charging scheduling of the 
aggregator is the period before the departure of the EV’s first 
trip of the day and the period after the arrival of the EV’s last 
trip of the day, as indicated in (7). 
ݏ௝,௧ ൌ ቊ1 ݐ ൏ ݐ௝
ௗ௘௣	݋ݎ	ݐ ൐ ݐ௝௔௥௥
0 ݋ݐ݄݁ݎݓ݅ݏ݁.                    (7) 
As shown in (4) and (5), the EV charging is constrained by 
the expected driving patterns of the EVs for the next day 
which are represented by the parameter ௝݀,௧ and ݏ௝,௧. In the 
deterministic model, it is assumed that the aggregators have 
perfect information of EV driving patterns for the next day. 
The aggregators need to precisely predict the driving 
requirement and the charging availability of the EVs before 
they carry out the energy planning and submit the bids to the 
day-ahead electricity market. However, due to the randomness 
of the driving need, it is very difficult to perfectly predict the 
driving requirement and the charging availability of the EVs 
one day in advance. As a result, the energy planning with a 
deterministic model might not meet the actual driving 
requirements of the EVs. Because of the inherent randomness 
of the driving requirements, there is a chance that the EV user 
needs to drive for a longer distance or start the trips earlier 
than expected. In such cases, the energy plan may not be able 
to fulfill the actual driving need as the EV needs more energy 
or its available period for charging is shorter. Therefore, the 
optimal energy planning for the EV charging based on a 
deterministic approach cannot be actually realized by the 
aggregators. 
Chance constrained programming is a direct and efficient 
tool to handle such a predicament. The randomness of the 
driving patterns lies in constraint (4) and (5). The driving 
distance ௝݀,௧ and the charging availability ݏ௝,௧ are stochastic 
parameters dependent on the driving pattern of the EV. The 
two constraints can be reformulated in a chance constrained 
framework as,  
ܲݎ ൞
௝݁ି ൑ ∑ ൫ݔ௝,௧ᇲ െ ௝݀,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴
∑ ൫ݔ௝,௧ᇲ െ ௝݀,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൑ ௝݁ାݔ௝,௧ ൑ ݌ାݏ௝,௧
		∀ݐ ∈ ܶൢ ൒ 1 െ ߳	  
∀݆ ∈ ௜ܸ  (8) 
The chance constrained model of the optimal charging of 
aggregator i is formed by objective (3) subject to the charging 
energy non-negativity constraint (6) and the probabilistic 
constraint (8). The probabilistic constraint (8) guarantees that 
the failure probability of the charging meeting the driving 
requirements is below the predetermined confidence 
parameter ߳ for each EV. 
As neither of the stochastic parameters ௝݀,௧ nor ݏ௝,௧ in the 
chance constrained model follows a Gaussian distribution and 
their elements with different time index are correlated with 
each other, such a chance constrained optimization problem is 
hard to solve [29]. Notice that (a) the constraints are linear and 
the stochastic parameters are not the multipliers of the 
variables ݔ௝,௧, (b) the stochastic parameters have finite 
distribution and (c) the domain of the optimization is bounded, 
the chance constrained optimization can be solved by a mixed-
integer programming method proposed by [29], [30]. A 
realization of the possible driving pattern is noted by the 
parameters ௝݀,௞,௧ and ݏ௝,௞,௧ associated with the probability ߨ௝,௞. 
A binary variable ݖ௝,௞ is introduced for each driving pattern 
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realization and the probabilistic constraint (8) can be 
reformulated as (9) to (12). 
௝݁ି ൑ ∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൅ ݖ௝,௞ ∑ ௝݀,௞,௧ᇲ௧௧ᇲୀ௧బ   
 ∀݆ ∈ ௜ܸ	∀݇ ∈ ௝ܴ	∀ݐ ∈ ܶ  (9) 
∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൑ ௝݁ା ൅ ݖ௝,௞ ∑ ൫݌ା െ ௝݀,௞,௧ᇲ൯௧௧ᇲୀ௧బ   
∀݆ ∈ ௜ܸ	∀݇ ∈ ௝ܴ	∀ݐ ∈ ܶ (10) 
ݔ௝,௧ ൑ ݌ାݏ௝,௞,௧ ൅ ݌ାݖ௝,௞						∀݆ ∈ ௜ܸ	∀݇ ∈ ௝ܴ	∀ݐ ∈ ܶ (11) 
∑ ൫ߨ௝,௞ݖ௝,௞൯௞∈ோೕ ൑ ߳										ݖ௝,௞ ∈ ሼ0, 1ሽ				∀݆ ∈ ௜ܸ   (12) 
When the binary variable ݖ௝,௞ ൌ 0, constraints (9) to (11) 
have a similar form as (4)-(5) and the constraints are 
guaranteed for the driving pattern realization k.  When the 
binary variable ݖ௝,௞ ൌ 1, constraints (9) to (11) are changed to 
(13) to (15). 
௝݁ି ൑ ∑ ݔ௝,௧ᇲ௧௧ᇲୀ௧బ ൅ ௝݁,଴   
∀݆ ∈ ௜ܸ	∀݇ ∈ ௝ܴ	∀ݐ ∈ ܶ (13) 
∑ ൫ݔ௝,௧ᇲ െ ݌ା൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൑ ௝݁ା  
∀݆ ∈ ௜ܸ	∀݇ ∈ ௝ܴ	∀ݐ ∈ ܶ (14) 
ݔ௝,௧ ൑ ݌ା൫ݏ௝,௞,௧ ൅ 1൯		∀݆ ∈ ௜ܸ	∀݇ ∈ ௝ܴ	∀ݐ ∈ ܶ (15) 
Constraints (13) to (15) are always satisfied in the domain 
of the optimization problem (0 ൑ ݔ௝,௧ ൑ ݌ା) given a 
reasonable initial SOC condition that the SOC level of the EV 
battery is within limit ( ௝݁ି ൑ ௝݁,଴ ൑ ௝݁ା). Therefore, the 
constraints of the driving pattern realization k will not affect 
the solution of the optimization when ݖ௝,௞ ൌ 1. In constraint 
(12), ߨ௝,௞ is the probability of the realization k of the possible 
driving patterns. The knapsack constraint (12) is equivalent to 
the probabilistic constraint as shown in (16) and therefore the 
original probabilistic constraint (8) is satisfied. 
∑ ߨ௝,௞൫1 െ ݖ௝,௞൯௞∈ோೕ ൒ 1 െ ߳		ݖ௝,௞ ∈ ሼ0, 1ሽ		∀݆ ∈ ௜ܸ (16) 
For the probability of each possible driving pattern 
realization, ߨ௝,௞ ⊂ ሾ0,1ሿ	൫∀݇ ∈ ௝ܴ൯. Therefore, the binary 
variable for the realization k of the possible driving patterns 
ݖ௝,௞ ൌ 0 when ߨ௝,௞ ൐ ߳, otherwise constraint (12) cannot be 
satisfied. Then the set of the possible driving patterns 
realizations ோܰೕ  can be divided into two subsets: the subset of 
possible driving pattern realizations with a probability over 
confidence parameter ௝ܴା ൌ ൛݇ ∈ ௝ܴ: ߨ௞ ൐ ߳ൟ and the subset 
of possible driving pattern realizations with a probability less 
than or equal to confidence parameter ௝ܴି ൌ ൛݇ ∈ ௝ܴ: ߨ௞ ൑ ߳ൟ. 
In order to tighten the constraints, (9) to (12) can be 
formulated as (17) to (23) and the number of the binary 
variables is reduced. 
௝݁ି ൑ ∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞భ,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴			
∀݆ ∈ ௜ܸ	∀݇ଵ ∈ ௝ܴା	∀ݐ ∈ ܶ (17) 
∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞భ,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൑ ௝݁ା	  
∀݆ ∈ ௜ܸ	∀݇ଵ ∈ ௝ܴା	∀ݐ ∈ ܶ (18) 
ݔ௝,௧ ൑ ݌ାݏ௝,௞భ,௧					∀݆ ∈ ௜ܸ	∀݇ଵ ∈ ௝ܴା	∀ݐ ∈ ܶ (19) 
௝݁ି ൑ ∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞మ,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൅ ݖ௝,௞మ ∑ ௝݀,௞మ,௧ᇲ௧௧ᇲୀ௧బ   
  ∀݆ ∈ ௜ܸ	∀݇ଶ ∈ ௝ܴି	∀ݐ ∈ ܶ (20) 
∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞మ,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൑ ௝݁ା ൅ ݖ௝,௞మ ∑ ൫݌ା െ ௝݀,௞మ,௧ᇲ൯௧௧ᇲୀ௧బ   
 ∀݆ ∈ ௜ܸ	∀݇ଶ ∈ ௝ܴି	∀ݐ ∈ ܶ (21) 
ݔ௝,௧ ൑ ݌ାݏ௝,௞మ,௧ ൅ ݌ାݖ௝,௞మ				∀݆ ∈ ௜ܸ	∀݇ଶ ∈ ௝ܴି	∀ݐ ∈ ܶ (22) 
∑ ൫ߨ௝,௞మݖ௝,௞మ൯௞మ∈ோೕష ൑ ߳						ݖ௝,௞మ ∈ ሼ0, 1ሽ					∀݆ ∈ ௜ܸ    (23) 
For constraint (17) to (19), the driving pattern realization k1 
is met by the charging plan. For constraint (20) to (22), the 
driving pattern realization k2 is met when the binary variable 
ݖ௝,௞మ ൌ 0. The constraints are always satisfied in the domain of 
the optimization when ݖ௝,௞మ ൌ 1. Constraint (23) guarantees 
that the failure probability of the charging plan is below the 
confidence parameter ߳ the same as constraint (8). The chance 
constrained programming model of aggregator i is defined by 
the objective (3) subject to constraints (6) and (17) to (23). 
IV.  CALCULATION OF DLMPS THROUGH MIQP  
The concepts of DLMPs and DTs were proposed in [11], 
[18] and [19] to alleviate congestion in a distribution network 
in a decentralized manner. The DSO predicts the conventional 
demand in the distribution network and the spot prices at the 
relevant transmission buses. Accordingly, the DSO calculates 
the DLMPs based on the flexible demand data and 
conventional demand by the optimization respecting the 
network constraints. The calculated DTs are broadcasted to all 
the aggregators. The aggregators carry out their own optimal 
energy planning with the DTs and the predicted spot prices 
and submit their bids to the day-ahead market. The DLMP 
based approach to alleviate congestion due to EV demand in 
distribution system is illustrated in Fig. 1.  
The objective of the DSO optimization is to minimize the 
total cost of electricity consumption in the distribution system 
in (24) subject to line flow constraint (25), the probabilistic 
constraint of the driving patterns (26) to (32) and the charging 
energy non-negativity constraint (33). The DC optimal power 
flow (DC OPF) is used for calculating DLMPs and DTs. The 
DC OPF has been widely used for LMP calculation in market 
operation and settlements due to good accuracy and high 
computation efficiency. It is considered sufficient in many 
cases, especially LMP calculation [31]. In industry, it has been 
employed by several software tools for chronological LMP 
simulation and forecasting [32]. For calculating DLMPs of 
distribution systems, the DC OPF is a good option considering 
the large number of nodes in distribution systems.  
 
Fig. 1.  DLMP based congestion management in the distribution system. 
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min௫ೕ,೟	 ∑ ∑ ቂଵଶ ൫ܧ௝ݔ௝,௧൯
்ܤ௧൫ܧ௝ݔ௝,௧൯ ൅ ܣ௧் ܧ௝ݔ௝,௧ቃ௧∈்௝∈௏   
൅∑ ܣ௧் ܳ௧௧∈்                                                      (24) 
subject to 
െ ௟݂ ൑ ∑ ൫ܦ௟் ܧ௝ݔ௝,௧൯௝∈௏ ൅ ܦ௟் ܳ௧ ൑ ௟݂	  
∀݈ ∈ ܮ	∀ݐ ∈ ܶ (25) 
௝݁ି ൑ ∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞భ,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴  
 ∀݆ ∈ ܸ		∀݇ଵ ∈ ௝ܴା	∀ݐ ∈ ܶ (26) 
∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞భ,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൑ ௝݁ା	  
∀݆ ∈ ܸ	∀݇ଵ ∈ ௝ܴା	∀ݐ ∈ ܶ (27) 
ݔ௝,௧ ൑ ݌ାݏ௝,௞భ,௧				∀݆ ∈ ܸ	∀݇ଵ ∈ ௝ܴା	∀ݐ ∈ ܶ (28) 
௝݁ି ൑ ∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞మ,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൅ ݖ௝,௞మ ∑ ௝݀,௞మ,௧ᇲ௧௧ᇲୀ௧బ   
 ∀݆ ∈ ܸ	∀݇ଶ ∈ ௝ܴି	∀ݐ ∈ ܶ (29) 
∑ ൫ݔ௝,௧ᇲ െ ௝݀,௞మ,௧ᇲ൯௧௧ᇲୀ௧బ ൅ ௝݁,଴ ൑ ௝݁ା ൅ ݖ௝,௞మ ∑ ൫݌ା െ ௝݀,௞మ,௧ᇲ൯௧௧ᇲୀ௧బ  
∀݆ ∈ ܸ	∀݇ଶ ∈ ௝ܴି	∀ݐ ∈ ܶ (30) 
ݔ௝,௧ ൑ ݌ାݏ௝,௞మ,௧ ൅ ݌ାݖ௝,௞మ		∀݆ ∈ ܸ	∀݇ଶ ∈ ௝ܴି	∀ݐ ∈ ܶ (31) 
∑ ൫ߨ௝,௞మݖ௝,௞మ൯௞మ∈ோೕష ൑ ߳									ݖ௝,௞మ ∈ ሼ0, 1ሽ			∀݆ ∈ ܸ (32) 
ݔ௝,௧ ൒ 0																															∀݆ ∈ ܸ					∀ݐ ∈ ܶ (33) 
The DLMPs of the buses in the distribution network can be 
obtained from the results of the DSO’s optimization as,  
ܦܮܯ ௧ܲ ൌ ܣ௧ ൅ ∑ ൣ൫ߣ௟,௧ା െ ߣ௟,௧ି൯ܦ௟൧௟∈ேಽ 								∀ݐ ∈ ܶ (34) 
where ߣ௟,௧ା  and ߣ௟,௧ି are the dual variables of the positive and 
negative flow constraints in (25). Accordingly, the DSO 
calculates the DTs ߩ௧ defined by (35) and broadcasts them to 
the aggregators. The predicted spot prices and the price 
sensitivity coefficients used by the DSO are shared with the 
aggregators. 
ߩ௧ ൌ ܦܮܯ ௧ܲ െ ܣ௧ ൌ ∑ ൣ൫ߣ௟,௧ା െ ߣ௟,௧ି൯ܦ௟൧௟∈ேಽ 			∀ݐ ∈ ܶ (35) 
With the DTs, the aggregators carry out their own optimal 
energy planning of the EV charging. For aggregator i, the 
objective of its optimization is to minimize the charging cost 
in (36) subject to the charging energy non-negativity 
constraint (6) and the probabilistic constraint of the driving 
patterns (17) to (23). The electricity prices for the aggregators 
consist of the DTs and the spot prices. The DTs are the 
marginal value of the network constraints in the DSO’s 
optimization and consequently the network constraints are 
respected by the aggregators’ optimizations. The convergence 
of the results of the DSO and the aggregators’ solutions has 
been proved in [11], [19]. The binary variables in the chance 
constraints are determined according to the driving pattern 
realizations. The binary variables of the driving pattern 
realizations with a long daily driving distance and a short 
charging period will equal to 1 within the limit of the 
knapsack constraint (23) and (32) in both the DSO and the 
aggregators’ models. The consistency of the binary variables 
can be guaranteed by the DSO. When the binary variables are 
fixed, the DSO and the aggregators’ optimizations will 
converge as in the standard DLMP framework. 
min௫ೕ,೟	 ∑ ∑ ቂଵଶ ൫ܧ௝ݔ௝,௧൯
்ܤ௧൫ܧ௝ݔ௝,௧൯ ൅ ሺܣ௧ ൅ ߩ௧ሻ்ܧ௝ݔ௝,௧ቃ௧∈்௝∈௏೔  
(36) 
As presented above, both the chance constrained 
optimizations of the DSO and the aggregators are formulated 
through MIQP, which can be solved by a number of 
commercial solvers [33]. The distributions of the EV driving 
patterns used in the optimization of the DSO and the 
aggregators should have the same stochastic characteristics of 
the driving behaviors, which can be obtained from either third-
party statistical surveys or historical data of the EV charging. 
V.  CASE STUDIES 
In order to illustrate the efficacy of the proposed DLMP 
approach through chance constrained MIP, case studies were 
conducted with a 33-bus distribution system of the Bornholm 
power system using the Danish driving pattern data.  
Three scenarios were selected for the case studies as 
follows: 
Case 1: Case 1 is the base case which shows the situation 
when there is no congestion management. There is no pricing 
signal from the DSO to the aggregators. The aggregators carry 
out their energy planning only with the predicted spot price of 
electricity.  
Case 2: In Case 2, the proposed chance constrained models 
are applied in both the DSO and the aggregators’ optimization. 
It shows the case when the proposed approach is applied. 
Case 3: In Case 3, the DSO carries out its optimization with 
the deterministic model. In order to maintain the satisfaction 
of the customers and guarantee the driving needs for the next 
day are met with a certain confidence level, the aggregators 
use the chance constrained model. This case shows the 
possible failure of congestion management if the DSO takes a 
deterministic model to calculate the DLMPs while the 
aggregators need to handle the uncertainty of the EV driving 
patterns for the next day. 
The details of the case studies are presented in the 
following subsections. 
A.  Grid Data 
The single line diagram of the 33-bus distribution system is 
shown in Fig. 2.  
 
 
Fig. 2.  Single line diagram of the distribution system for the case studies. 
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In the distribution system, the 400V customers in 30 load 
points (LPs) are connected to the 10kV distribution network 
through the secondary transformers in 6 feeders. The 10kV 
network is connected to the 60kV bus through a 10 MVA 
transformer. The 60kV bus, which is the connection point of 
the distribution system to the external grid, is set as the slack 
bus in the case studies. 
Four types of cables are used in the distribution network for 
case studies. The loading limits of the lines are listed in Table 
I. 
 
TABLE I 
Line Loading Limit in the Distribution System 
 
Lines Limit (kW) 
L7 1657 
L2-L6, L8, L10-L16, L18-L21, L24, L26-L30 2132 
L22, L23, L31 2510 
L9, L17, L25 2936 
 
The EV penetration level in the case studies is set as 100%. 
100% EV penetration means that all the private passenger cars 
are EVs in the distribution network. Two EV aggregators are 
assumed in the case studies. One aggregator has contracts with 
40% of the EVs on each load point while the other has 
contracts with the rest 60% of EVs on the LPs. The EV 
numbers contracted with the aggregators and the conventional 
demand data of the LPs in the distribution system are listed in 
Table II. The total EV demand is about 18% of the load on the 
LPs in the distribution network on average.  
 
TABLE II 
Data of the Load in the Distribution System 
 
LPs 
Conventional Demand EV No. 
Residential Load Non-Residential Load Aggr
egato
r 1 
Aggr
egato
r 2 
Ave. 
(kW) 
Peak 
(kW) 
Ave. 
(kW) 
Peak  
(kW) 
LP1 37.1 22.7 14.1 11.5 13 20 
LP2 154.9 94.6 20.1 16.3 55 83 
LP3 26.9 16.4 12.8 10.4 9 15 
LP4 114.6 70.0 44.3 35.9 40 62 
LP5 77.2 47.1 9.2 7.4 27 42 
LP6 105.8 64.6 45.9 37.2 37 57 
LP7 42.9 26.2 9.0 7.3 15 23 
LP8 5.6 3.4 2.1 1.7 2 3 
LP9 87.3 53.3 33.2 26.9 31 47 
LP10 69.9 42.7 4.1 3.3 24 38 
LP11 70.2 42.9 0.5 0.4 25 38 
LP12 150.3 91.8 6.5 5.2 53 81 
LP13 36.5 22.3 25.7 20.8 13 20 
LP14 103.1 62.9 7.9 6.4 36 56 
LP15 181.5 110.8 21.6 17.5 64 98 
LP16 45.4 27.7 63.1 51.1 16 24 
LP17 55.4 33.8 28.8 23.3 19 30 
LP18 5.0 3.1 1.9 1.5 1 3 
LP19 43.5 26.5 72.2 58.5 15 24 
LP20 0.6 0.4 0.2 0.2 0 1 
LP21 64.6 39.5 31.8 25.8 23 35 
LP22 723.0 441.4 244.2 197.8 257 387 
LP23 223.5 136.5 85.1 69.0 79 120 
LP24 226.6 138.4 86.3 69.9 80 122 
LP25 184.4 112.6 77.0 62.4 65 99 
LP26 121.9 74.4 108.5 87.9 43 66 
LP27 34.2 20.9 76.3 61.8 12 19 
LP28 55.4 33.8 14.6 11.8 19 30 
LP29 99.4 60.7 43.7 35.4 35 54 
LP30 111.5 68.0 34.8 28.2 39 60 
 
B.  EV and Driving Pattern Data 
The key parameters of the EVs are listed in Table III. 
 
TABLE III 
EV Data Profile for Case Studies 
 
Parameter Value 
EV battery capacity 60kWh 
Charging power limit 10kW (3-phase) 
Energy consumption per km 150Wh/km 
Lower SOC level limit 20% 
Upper SOC level limit 85% 
 
The driving pattern data used in the case studies are 
obtained from a dataset of real driving data on weekdays 
obtained from the Danish National Travel Survey. The 
distribution of the driving patterns is shown in Fig. 3 and Fig. 
4.  
 
 
Fig. 3.  Joint distribution of the starting time of the first trip and the ending 
time of the last trip. 
 
Fig. 4.  Daily driving distance distribution. 
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The daily driving distance and the starting and ending time 
of the driving patterns are coupled as a 3-dimension random 
variable. For each driving pattern realization, it is with the 
daily driving distance, the starting and ending time as well as 
the probability of the realization. The starting and ending time 
are interpreted to the charging availability according to (7). 
Without losing generality, the driving distance of the driving 
pattern realization is assumed to increase linearly from 0 to the 
daily driving distance from the starting time to the ending time 
of the driving pattern. 10 different driving pattern realizations 
with its own probability as listed in Table IV are generated 
from the joint distribution. The charging shall guarantee the 
driving pattern realizations with the confidence defined in the 
probabilistic constraints for all the EVs are met. The 
confidence parameter in the chance constrained models is set 
as 5% in the case studies.  
 
TABLE IV 
Driving Pattern Realizations in the Chance Constrained 
Models 
 
No. Starting time 
Ending 
time 
Driving 
Distance Probability 
1 4 23 140km 0.00169 
2 4 24 140km 0.00003 
3 5 23 140km 0.71116 
4 5 24 140km 0.03383 
5 4 23 150km 0.00008 
6 5 23 150km 0.00671 
7 5 24 150km 0.00049 
8 4 23 160km 0.00032 
9 5 23 160km 0.04367 
10 5 24 160km 0.00506 
 
In the proposed model, the number of the binary variables 
increases with the number of the EVs. In order to save the 
time and memory consumption of the calculation, the EVs are 
grouped by a factor of 10 and scaled up in the optimizations of 
the case studies. 
C.  Case Study Results 
The case studies were carried out with the General 
Algebraic Modeling System (GAMS) optimization software 
using the commercial solver CPLEX [34].  
 
1) Case 1: In the case without any congestion management, 
the aggregators carry out their own energy planning to 
minimize the EV charging cost given the spot prices, 
respectively. The spot prices used in the case studies are 
shown in Fig. 5. In the case studies, Line L23 has the highest 
loading level among the lines in the 33-bus distribution 
system. The loading of L23 without DLMP is shown in Fig. 6.  
If the DLMP is not applied, congestion due to the EV 
charging demand occurs at 3:00 am when the spot price is the 
lowest. All the aggregators tend to charge the EVs at that time 
for the lowest charging cost and it results in a high charging 
demand.  
 
Fig. 5.  Spot prices used in the case studies. 
 
 
Fig. 6.  Loading level of Line L23 without DLMP. 
 
2) Case 2: In order to alleviate the congestion due to the 
EV charging shown in Fig. 6, the proposed DLMP approach 
through chance constrained MIP for congestion management 
was implemented in Case 2. The DLMPs and DTs of the 
nodes in the distribution system were calculated by the DSO 
optimization through the chance constrained programming. 
The calculated DLMPs and the spot prices of the electricity 
are shown in Fig. 7. The DLMPs and DTs of some heavy-
loaded LPs around the peak hours are listed in Table V. 
 
 
Fig. 7.  DLMPs calculated through chance constrained programming. 
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TABLE V 
DLMPs and DTs (€/MWh) around Peak Hours Calculated 
through Chance Constrained Programming 
 
Time (Hour) 1 2 3 4 
Spot Price 23.01 21.23 20.05 20.68 
DLMPs on LP22 23.01 23.01 23.01 20.68 
DTs on LP22 0 1.78 2.96 0 
DLMPs on LP23 23.01 23.01 23.01 20.68 
DTs on LP23 0 1.78 2.96 0 
DLMPs on LP24 23.01 21.23 21.23 20.68 
DTs on LP24 0 0 1.18 0 
 
As shown in Fig. 7 and Table V, the positive DTs appear at 
2:00 and 3:00 in the morning when the congestion is expected 
to happen due to the EV charging demand at the 
corresponding nodes in the distribution network. It is the 
period when the EV charging demand is high in Case 1. The 
positive DTs increase the electricity pricing during the peak 
hours and motivate the aggregators to disperse the EV 
charging demand to a lighter loading period.  
In the proposed DLMP framework, the DTs calculated by 
the DSO are sent to the aggregators and the aggregators carry 
out their own energy planning of the EV charging 
respectively. In order to verify the behaviors of the 
aggregators with the proposed DLMP approach through 
chance constrained programming, the aggregators’ energy 
planning was simulated. The aggregators’ energy planning for 
EV charging were carried out independently to minimize their 
own charging cost with the DTs and the predicted spot prices. 
The loading of Line L23 in Case 2 is shown in Fig. 8. As 
shown in the figure, the peak of the electricity load at 3:00 am 
in Case 1 is limited and the EV charging demand is shifted to 
the first two hours. Due to the positive DTs at 2:00 and 3:00 
am, the costs for the charging at these two hours are increased. 
Consequently, the charging demands at these two hours are 
under the limit of the distribution network constraints and the 
congestion due to the EV charging demand is alleviated.  
A Monte-Carlo simulation has been carried out to assess 
the satisfaction of the driving pattern chance constraint. The 
charging plans of the EVs are as the solutions of the 
aggregators’ optimization. The real driving records in the 
original dataset from the Danish National Travel Survey are 
randomly assigned to the EVs to see if the charging plans with 
the chance constrained model satisfy the probabilistic 
constraint in the case. The simulation result shows that the 
violation probability of the charging for all the EVs of both 
aggregators in the case is within 4.99%. Less than 5% of the 
EVs will have a driving pattern that the charging plans by the 
aggregators do not satisfied. Therefore, probabilistic constraint 
setting in the case studies is respected. 
 
Fig. 8.  Loading level of Line L23 with DLMP through chance constrained 
programming. 
 
3) Case 3: In order to illustrate the ineffective results of the 
DLMP with deterministic modeling of the EV driving 
patterns, the case with DLMPs through deterministic 
optimization on the DSO side was simulated in Case 3. 
Because the EV aggregators need to maintain the customer 
satisfaction and it is difficult for the aggregators to perfectly 
predict the driving patterns of the EVs for the next day, the 
aggregators are assumed to perform the EV energy planning 
stochastically with the chance constrained model. Case 3 is to 
show that in this case, the congestion management will fail if 
the DSO uses a deterministic model to perform the DLMP 
method and calculate the DTs. Therefore, the EV aggregators 
are assumed to use the chance constrained optimization and 
the deterministic model is applied on the DSO side in case 3. 
The DLMPs and DTs of the nodes in the distribution system 
were calculated through the DSO optimization with the 
deterministic modeling of the EV driving patterns. The 
DLMPs and the spot prices of the electricity are shown in Fig. 
9. The DLMPs and DTs of some heavy-loaded LPs in the 
distribution system around the peak hours are also listed in 
Table VI. 
 
 
Fig. 9.  DLMPs calculated with deterministic optimizations. 
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TABLE VI 
DLMPs and DTs (€/MWh) around Peak Hours Calculated 
with Deterministic Optimization  
 
Time (Hour) 1 2 3 4 
Spot Price 23.01 21.23 20.05 20.68 
DLMPs on LP22 23.01 21.23 21.23 21.23 
DTs on LP22 0 0 1.21 0.55 
DLMPs on LP23 23.01 21.23 21.23 21.23 
DTs on LP23 0 0 1.21 0.55 
DLMPs on LP24 23.01 21.23 20.68 20.68 
DTs on LP24 0 0 0.63 0 
 
As shown in Fig. 9 and Table VI, positive DTs appear at 
3:00 and 4:00 in the morning. In the DSO optimization with a 
deterministic model, the EV charging demand is planned 
according to the obtained deterministic driving patterns. The 
stochastic features of the driving patterns are not taken into 
account. Therefore, the available period for the EV charging 
will be extended to the furthest limit even though there is a 
probability for the energy planning not to meet the EV driving 
requirements. Consequently, the EV charging is expected to 
take place at the hours with the lowest electricity prices in a 
larger available period. The calculated DTs may therefore 
differ from the case with chance constrained programming on 
the DSO side. In this case, positive DTs appear at 4:00 am 
while the DTs at 2:00 am remain zero. The DTs at 3:00 am are 
less than the DTs at the same period with the DLMP approach 
through the chance constrained programming.  
Such differences of the DTs will result in different charging 
plans at the aggregator side. In order to illustrate the behaviors 
of the aggregators with DLMP through deterministic 
optimizations, the aggregators’ energy planning was simulated 
in Case 3. The aggregators’ optimizations were carried out 
independently with the DTs and the predicted spot energy 
prices. The optimizations through chance constrained 
programming were used at the aggregator side so that the EV 
driving requirements are guaranteed. The loading of Line L23 
in Case 3 is shown in Fig. 10.   
 
 
Fig. 10.  Loading level of Line L23 with DLMP through deterministic 
optimization. 
 
As shown in Fig. 10, the congestion happens on Line L23 
at 3:00 am when the deterministic optimization is used on the 
DSO side. In the DSO optimization with a deterministic model 
of the EV driving patterns, the aggregators are expected to 
charge their EVs mainly from 3:00 to 4:00 in the morning. 
The calculated DTs are to balance the EV charging demand in 
the period. However, due to the stochastic characteristics of 
the driving patterns, the aggregators tend to charge the EVs in 
the first three hours in order to meet the driving requirements. 
As a result, the EV charging demand at 3:00 am is 
underestimated in the deterministic optimization on the DSO 
side. The congestion in Line L23 at 3:00 am is therefore not 
efficiently alleviated by the DTs. Such mis-estimations of the 
aggregators’ behaviors in the deterministic optimization model 
will result in an ineffective outcome of the DLMP approach in 
handling the congestion in the distribution system due to the 
EV charging. 
4) Cost analysis: The chance constrained approach is more 
conservative than a deterministic approach. It refers to the 
case when both the DSO and the aggregators do not consider 
the driving pattern uncertainty in their optimization model 
[11]. When the deterministic approach is used, the average 
cost for the EV charging is about 5% lower than the case with 
the chance constrained models (from about 20.9EUR/MWh to 
21.8EUR/MWh on average). The cost difference is not 
significant.  
In the DLMP framework, the aggregator will pay the extra 
cost. Since the aggregator can include the uncertainties of the 
driving pattern in their EV scheduling optimization, it will feel 
more secure with the energy plan for EVs and will be willing 
to pay a bit more to have the security of the EV energy 
planning. For EV owners, it depends on the contracts between 
the EV owners and the EV aggregator. If the EV owner has to 
bear the extra cost, it should be reasonable to state the EV 
owner is willing to pay a bit more to have the flexibility to 
deviate a bit from the driving plan for the next day. 
VI.  CONCLUSIONS 
The DLMP has been shown to be efficient for the 
congestion management in the distribution networks with a 
high penetration level of EVs. However, the randomness of 
the driving requirements leads to difficulty in predicting the 
driving behavior precisely and therefore results in ineffective 
outcomes of the DLMP method with a deterministic model. 
Stochastic characteristics of the driving patterns are addressed 
in this paper by introducing probabilistic constraints in the 
DSO and aggregators’ optimizations. It guarantees that the 
failure probability of the EV charging plans meeting the 
driving requirement is below the predetermined confidence 
parameter. The chance constrained optimizations of the DSO 
and the aggregators are formulated and solved through the 
MIQP. The case study results have demonstrated that with the 
DTs determined by the DSO through the chance constrained 
MIQP, aggregators taking into account the stochastic 
characteristics of the EV driving pattern plan their EV 
charging respecting the network constraints as expected and 
congestion in the distribution network is alleviated.  
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The chance constrained approach is more conservative than 
a deterministic approach. With the chanced constrained 
DLMP, the aggregator will pay a bit more. However, the extra 
cost is about 5% and it is not significant. Therefore, the 
aggregator will be willing to pay a bit more to have the 
security of the EV energy planning. For the EV owners, they 
should be willing to pay a bit more to have the flexibility to 
deviate a bit from the driving plan for the next day due to the 
small cost difference.  
For future work, the sensitivity of the chance constrained 
DLMP approach on the difference between the driving pattern 
distributions used by the DSO and the aggregators will be 
investigated. Further, the uncertainty also comes from the 
electricity price and demand forecast besides the EV driving 
patterns. An extended framework will be developed to include 
different sources of uncertainty. In addition, more practical 
issues in the power system including the line losses and the 
voltage constraints will also be studied.   
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